
Stuttgart University
2009

The Department of
Geodesy and Geoinformatics



40 GIS

Figure 16: Twenty randomly selected waveforms among 5520 waveforms over Balaton Lake,
which display a wide variety of waveforms

Local gravity field refinement using base functions with strictly finite support

The recovery of local gravity features from satellite-to-satellite tracking is one of the current chal-
lenges in Physical Geodesy. The most common approach is to employ a global spherical harmonic
analysis and select the area of interest later on. Typical side effects are leakage and loss of signal
since the spherical surface functions are bases with global support. As a consequence, mass
balance estimates in areas like the Amazon or Greenland do not coincide well with hydrological or
ice models. The usage of locally supported base functions aims at the minimization of these side
effects. So far, attempts to recover gravity features from spatially restricted data mostly concen-
trate on the usage of the so-called radial base functions which still allows analytical expressions
for the entries of the design matrix. Although they decay rapidly, their support is not exactly local,
since they are global functions as well. Leakage occurs again (though reduced) since different
radial bases overlap.
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A more rigorous approach is to use base functions with a strictly finite and distinct support. The
gravity field quantity is modelled by a single layer potential which requires the integration over the
surface of the area of interest. The unknowns are the surface mass densities in the corner points.
For numerical implementation, the surface is decomposed into a finite number of basic shapes
like e.g. triangles or quadrilaterals. This method is also known as boundary element method. The
disadvantage is that the entries of the design matrix cannot be calculated by closed expressions
anymore but have to be computed by numerical integration. Besides the usage of spatially re-
stricted functions, one other strength of the method is its flexibility in the size of each surface
element, i.e. the size of each element does not need to be constant and even the combination of
different types of shapes is possible. The placement of the corner points can thus be optimized
to each data set which is not a trivial problem, however. Additionally, the number and position of
the surface mass densities will also depend on the assumption of their behaviour between the
corners of each shape element, i.e. whether the surface mass density is assumed to be constant
or to change linearly (or with higher order) within an element.

Figure 17 shows results of a simulation study. A residual potential field has been created using
4225 point masses at a depth of 120km. The signal is calculated at the position of a CHAMP-like
satellite flying at an orbit height of approximately 400km and simulating a measurement every 5
seconds. Based on the triangular mesh in Figure 17 (right), the gravity signal is recovered and the
difference plot in Figure 17 (middle) shows a nearly random pattern which proofs that the method
can be successfully applied to this type of data.

Figure 17: Simulated residual potential field at satellite height (left), difference between recoverd
and input signal (middle), triangular based grid and location of the surface mass densities (right)

The next steps will include the application to a residual tensor signal and the application to real
GRACE data. The complete procedure consists then of two steps. First, in-situ observations are
derived using the so-called line-of-sight gradiometry technique. The K-Band range rates mea-
sured by GRACE are connected by numerical differentiation to the second order derivative of the
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gravitational potential of the Earth projected to the direction of the satellite motion. Subsequently,
the second order derivative is connected to the single layer potential and the surface mass den-
sities can be estimated. The procedure is computationally demanding as every surface element
needs to be integrated but promises (from a theoretical point of view) to reduce leakage and to
make best use of the signal content in the K-Band ranging measurement.

Properties and applications of EOF-based filtering of GRACE solutions

The twin
”
Gravity Recovery and Climate Experiment“ (GRACE) satellites observe the time varying

gravity which is the sum of all mass variations in the Earth System. However, the main problem
in the GRACE solutions of Stokes coefficients is the increasing noise at higher degrees in the
spherical harmonics (SH) coefficients (Swenson and Wahr, 2006). The noises appear as un-
physical North-South striping patterns in the spatial domain maps (for example in the Equivalent
Water Height (EWH) maps) which have a strong correlation between the even and odd degree
coefficients. The stripes can be largely suppressed by weighting the SH coefficients by a Gaus-
sian smoothing function, but since the errors have a non-isotropic character, while the function
is isotropic, a large smoothing radius is required for removing the stripes which by itself causes
a significant loss of information in the GRACE solutions (Chen et al., 2007). One approach to
remove those stripes is using Empirical Orthogonal Functions (EOF) in combination with white-
noise testing of the resulting time series in the spectral domain (Wouters and Schrama, 2007).
The EOF procedure can be recast into a filter equation, i.e. the filter transfer is described explic-
itly. This also allows us to emphasize the characteristics of the EOF-based filter. Moreover, our
formulation provides an easy means to propagate the GRACE fields into degree variances and
spatial covariance functions.

The reconstructed EWH maps provided by the spectral domain analysis of the GRACE data show
a strong capability of EOF analysis for de-striping the patterns which is due to the ability of per-
forming EOF analysis for individual orders (Iran Pour et al., 2009). Also examples in the spectral
domain show that the EOF analysis with white noise test but with smaller smoothing Gaussian
filters result in maps comparable to those which are just smoothed by the Gaussian smoothing
filters but with larger radii (Figure 18). The Kolmogorov-Smirnov test (KS test) is used as a tool for
white noise recognition for the modes provided by EOF analysis which are performed through the
filtering operators.
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Figure 18: EWH anomaly maps for May 2008, smoothed by (a) only Gaussian filter 300 km
radius, (b) Gaussian filter 300 km radius in addition to EOF-KS test, (c) only Gaussian filter

500 km radius, (d) Gaussian filter

This filtering operator model also allows us to investigate the properties of spatial covariance
functions (Figure 19).

Figure 19: Spatial covariance of the raw data (left), the filter (middle) and the filtered data (right)
for the location centered at longitude and latitude of 45 degrees
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It is seen that some of the last modes of some orders pass the test (recognized as signals). This
can be explained by the non-white noise property of the modes, although it is important to mention
that those last modes have very small singular values and therefore their contributions to the data
reconstruction are also very small.

However, the test is claimed for the white noise recognition, while the modes could represent other
types of noises which were not studied in this work. It can also be seen that the EOF analysis with
the white noise test smoothes the patterns which may diminish the effects of some geophysical
phenomena. This means that more investigations are needed for the testing strategies and the
noise recognition methods in the future.

Microgravimetric survey of the Great Pyramid, Giza, Egypt

The Institute of Geodesy is collaborating with the Ain Shams University and under the supervi-
sion of the Supreme Council of Antiquities in an international archaeological mission at the Giza
Plateau, Egypt. The aim is to investigate the internal structure of the Great Pyramid, also known as
the Cheops or Khufu pyramid. The project is called

”
Non-Destructive Archaeology using Gravime-

try in the area of the Great Pyramids“ under the supervision of Dr. Elhabiby, director of the mission
and assistant professor at Ain Shams University, and is partially funded by the BA/CSSP research
grant of the Bibliotheca Alexandrina.

Till today, the construction of the Great Pyramid is a mystery and several theories exist, e.g. the
usage of ramps, internal ramps and cable winches. The currently most popular theory is the idea of
an internal ramp, which is coiling upwards on the outer edge of the pyramid. After construction, the
ramp has been filled with material, e.g. sand and sandstone. The main problem for archaeologists
is that excavations tend to destroy the site. Considering the cultural heritage and the international
popularity of the Great Pyramid, any changes to its faces are not allowed. Gravimetry provides a
way out of this dilemma. It enables to examine the internal structure of the Great Pyramid without
any excavations or destructions of the surface.

The procedure consists of two steps: first, carefully executed gravimetric measurements on the
surface of the pyramid using the Scintrex CG-5 of the Institute of Geodesy are collected and con-
nected to a local reference frame by GPS measurements. Reductions are limited to instrumental
corrections only. The second part consists of a forward modelling of the pyramid by taking all
available information about the structure of the pyramid, the known voids and the density of the
rocks into account. Figure 1 (top left) shows a simplified model as it was used in the preparation
of the campaign. 3D surface modelling from photographic images is supporting the construction.
The calculation of an expected gravity observation at the location of the gravimetric observation
and the comparison and analysis of the residuals will reveal details about the interior structure of
the Great Pyramid.
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Figure 20: Model of the interior of the Great Pyramid (top left), Scintrex CG-5 with windshield
during the measurement (bottom left), Dr. Elhabiby with GPS equipment at one of the control

points (middle), R. Schlesinger und M. Weigelt during exploration (right)

In October 2009, the Institute of Geodesy sent two of its employees, namely R. Schlesinger and M.
Weigelt, to Cairo for a first microgravimetric survey in order to join Dr. Elhabiby and his team which
consists of another two researchers from Ain Shams University, namely Mohamed Ramadan and
Mohamed Shebl. Besides a detailed exploration and selection of the measurement locations,
approximately 130 gravimetric points were observed. The analysis of the measurements and the
costly forward modeling is currently ongoing and first results are expected in the first half of 2010
that will pave the way to the second phase in the second half of the year.

We thank the Egyptian Supreme Council of Antiques, especially Dr. Zahi Hawass, for their tremen-
dous and invaluable support in making this measurement campaign possible.

Statistical estimation and hypothesis testing for the GPS mixed integer linear models

High-accurate GPS relative positioning is usually based on double-differenced (DD) carrier phase
observables. When considering short baseline (less than 20 km), the linear model for DD phase
may be simplified to a mixed integer linear model. Based on our new research results achieved
in the first period of our DFG Project (Statistical estimation and hypothesis testing for the GPS
mixed integer linear models) since 2005 (Cai, et al., 2007), the GPS carrier phase observables
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that are actually measured on the unit circle have been statistically validated to have a von Mises
normal distribution. The existing validation and hypothesis testing procedures (e.g. χ2-test, F-test,
t-test, and ratio test etc.) should therefore be improved accordingly. As one of the modern statis-
tical techniques since 1980s bootstrap method refers to a class of computer-intensive statistical
procedures, which can often be helpful for carrying out a statistical test of a point estimate in situa-
tions where more usual statistical procedures are not valid and /or not available (e.g. the sampling
distribution of a statistic is not known).

For the linear model, these bootstrap methods provide inference procedures (e.g. confidence
sets) that are asymptotically more accurate than those produced by the other methods. This is
just the case for the validation and hypothesis tests of the float and fixed estimates of GNSS mixed
models in the directional context, with the emphasis on the determination of the confidence inter-
vals of the estimates. In the second period of our DFG project we have successfully applied two
bootstrap analysis methods for linear model, bootstrapping residuals and bootstrapping pairs, to
determinate the confidence domains of the parameters of the GNSS mixed integer linear models.
The analysis of the Bootstrapping confidence intervals for the float solutions with the real GPS
observations shows that

� the Bootstrapping residuals and pairs for linear model provide us an efficient and accurate
algorithm to construct the confidence domains of the GPS float solutions

� the Bootstrapping pairs method depends on the conditional number of the design matrix

� the Bootstrapping confidence intervals are consistent with the LS confidence intervals based
on the t-test

� both kinds of the confidence intervals all cover the potential correct fixed ambiguity integers,
which are important for searching process and fixed solution, see Figures 21 and 22

� the bootstrapping confidence intervals are derived without any assumption about the prob-
ability distribution of the observations

The fundamental recognition of the statistical properties of the von Mises (circular) normal distri-
bution of GPS carrier phase observables and the successful construction of the related hypothesis
tests with bootstrapping residuals and bootstrapping pairs for linear models provide a complete
solution for the estimation and hypothesis tests on the parameters of the GPS mixed integer lin-
ear models in the directional context. These research achievements will not only substantially
improve the theoretical background and application reality of GPS geodesy and navigation, but
also be significant to the forthcoming Galileo, Europe’s new civilian-managed Global Navigation
Satellite System (GNSS).
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Figure 21: The comparison of the float estimates and their confidence intervals with the LS (in
blue) and bootstrapping residuals methods (in red).

Figure 22: The comparison of the float estimates and their confidence intervals with the LS (in
blue) and bootstrapping pairs methods (in red).



48 GIS

Theses

Diploma Theses

(http://www.uni-stuttgart.de/gi/education/dipl/diploma theses.en.html)

BENTEL K: Empirical Orthogonal Function Analysis of GRACE Gravity Data (Analyse von Schw-
erefelddaten der Satellitenmission GRACE mittels Zerlegung in Empirisch-Orthogonale
Funktionen)

BRITCHI A: Rumänische Geodätische Netze und Koordinaten-Transformation (Rumania Geode-
tic Networks and Coordinate Transformation)

KARRER K: Impact of spatial and temporal resolution on the significance of GNSS performance
results (Über den Einfluss räumlicher und zeitlicher Auflösung auf die Aussagekraft von
GNSS Leistungsparametern)

LORENZ CH: Applying stochastic constraints on time-variable GRACE data (Anwendung
stochastischer Bedingungen auf zeitvariable GRACE-Daten)

RAU D: Einfluss lateraler Variationen in Lithosphäre und oberem Mantel auf den glazial-
isostatischen Ausgleich in der Antarktis (Influence of the varying thickness of the litho-
sphere and upper mantle on the regional glacial-isostatic adjustment (GIA) in Antarctica)

XUE Y: GOCE sensitivity studies in terms of cross-over analysis (GOCE Sensitivitätsstudien mit-
tels Kreuzungspunktanalyse)

Study Theses

(http://www.uni-stuttgart.de/gi/education/dipl/study reports.en.html)

DÜNKEL A: Java Applet zur Visualisierung der Erdorientierung (Visualization of the Earth Orien-
tation with Java)

PETRESCU EP: Einfluss des direkten Strahlungsdrucks der Sonne auf CHAMP (Influence of the
direct solar radiation pressure on CHAMP)

RADU D: Continental water storage derived from GRACE: A review of four years of literature

ROTH M: Marine Full Tensor Gravity Gradiometry Data Analysis and Euler Deconvolution (Voll-
tensorgravitationsgradiometrie auf dem Meer: Datenanalyse und Euler-Dekonvolution)

YANG Z: Kollokation und deren Anwendung in der Koordinatentransformation (On the use of
colloction in coordinate transformations)
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Publications

(http://www.uni-stuttgart.de/gi/research/index.en.html)
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